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e
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e
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o
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o
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O
u

r a
n

n
o

u
n

c
e
d

. su
b

je
c
t to

d
a
y

 is th
e
 ro

le
 o

f in
a
th

E
m

e
tic

s in
 th

e
 :o

rrn
u

ia
ti:;u

o
f p

h
y

sic
a
l th

c
o

;._
=

..s. I w
ish

 b
 w

e
v

e
r to

 iita
k

e
 a

 se
 ..'.f th

e
 llic

e
n

 e
 p

e
rt it.e

'd

	

p
iilosophica.l co

n
g
resses,

i n
tw

o
r eg

aid
s: in

th
e
 firs

t p
la

c
e
.

to
co

n
fiii,

m
yself to

the nega.;:vu
a
s
i
's

:ts
o

f th
is

io
ie

,
le

a
v
in

g
;r to

o
th

e
rs

to
d
w

ell on

	

th
e

am
azi re' triu

m
p

h
s

of the m
athem

atical m
eth.c;d;

in
the second plae:,

	

to
com

m
en

t
n

o
t

o
n
l
y

on
p

h
y

sic
a
l

scie
n

ce b
u

t
a
lso

o
n

so
c
ia

l sc
ie

n
c
e
, in

w
h

ich
C

h
E.

characteristic
itia

d
e
o
u
a
e
ie

s
w

h
ic

h
I

w
is

h
 to

 d
is

c
u

s
s
 a

re
m

o
re

 re
a
d

ily

ap
p

are
n

t.

	

C
om

puter program
m

ers often m
ake a certain rem

ark
ab

o
u

t co
m

p
u

tin
g

,
m

ach
in

es, w
h

ich
 m

ay
 p

erh
ap

s b
e tak

en
 as a co

m
p

lain
t: th

at co
m

p
u

tin
g

 m
a-

	

C
 i?in

E
,',s, '.,^

tri
a

F
e'L

io
ct

la
c
y

cf
u

is
c
r
im

in
a
tljn

, w
ill

no
cI1

5
'

fo
o
lish

::in
rg

th
t_

''

a
re

 !o
ld

 to
 rIo

.
'l

i
re '.-ea.son

fo
r th

is lie
s o

f c
o
u
rse

 i n
t- C

. n arrom
-

fix
a
tio

n
of

th
e

c
o

m
p

u
tin

g
m

achine
`in

telli gence'
upon

th
e

basely
typographical deta.ls of

its
o
w

n
perceptions

-
its in

ab
ility

 to
 b

e g
u

id
ed

i>y
an

y
 lace co

n
tex

t. in
 :.

psychological d
e
sc

rip
tio

n
f

th
e

co
m

p
u

ter
in

telligence,
th

re
e
 re

la
te

d
adle::-.

ti v
e
s p

u
.s

iih
tlh

em
selv

es
for yard: single-m

indedness,
literal.-m

indedi;ass,
sim

p
le-

m
indedness.

R
e
c
o
g
n
iz

in
g

th
is

,
w

e
s
h

o
u

ld
a
t

th
e

sa
m

e
tim

e
reco gnize

th
a
t

th
is

s in
g
le
-

m
in

dedness,
literal-m

indedness,
sim

ple-m
indedness also

charac-
t e

riz
e

s
tl' coretice _ Ina.them

atics,
t h

o
u
g
h
 to

a
 le

s
s
e
r

e
x

te
n

t.

It is a co
n
tin

u
al resu

lt o
f th

e fact th
at scien

ce tries to
 d

eal w
ith

 -eality
th

at ev
en

 th
e m

o
st p

recise scien
ces n

o
rm

ally
 w

o
rk

 w
ith

 m
o
re o

r less ill-

	

u
n

d
ersto

o
d

 ap
p

ro
x

im
atio

n
s to

w
ard

 w
h

ich
 th

e scien
tist m

u
st I, ::in

*
..^in

 all
ap

p
ro

p
riate sk

ep
ticism

. T
h
u
s, fo

r in
stan

ce, it m
ay

 co
re as a sh

o
ck

 to
 th

e
m

ath
ein

atician
to

'e
a
rii th

at th
e S

ch
ro

d
in

g
ereq

u
atio

n
 fo

r th
e h

y
d

'_
o

x
en

ato
m

,
w

l..cli he is able to
A

v
e o

n
ly

 after a co
n

sid
erab

le effo
rt o

f fu
n

ctio
n

al an
aly

-

	

sis an
d

 sp
ecial fu

n
ctio

n
 th

eo
ry

, is n
o

t a. literally
 co

rrect d
escrip

tio
n

 c.f th
is

ato
m

, b
u
t o

n
ly

 an
 ap

p
ro

x
im

atio
n
 to

 a so
m

ew
h
at m

o
re co

rrect ea catio
n

tak
in

g
 acco

u
n
t o

f sp
in

, m
ag

n
etic d

ip
o

le, an
d
 relativ

istic effects; th
at th

is
co

rrected
 eq

u
atio

n
 is itself o

n
ly

 an
 ill-u

n
d

ersto
o

d
 a.o

p
ro

x
im

atio
i; to

 an
 in

-
fin

ite set o
f q

u
an

tu
m

 field
-th

eo
retical eq

u
atio

n
s; an

d
 fin

ally
 th

at th
e q

u
an

-
tu

m
 field

 th
eo

ry
, b

esid
es d

iv
erg

in
g

, n
eg

lects a m
y

riad
 o

f stran
g

e-p
article

in
teractio

n
s \v

n
o

se stren
g

th
 an

d
 fo

rm
 are larg

ely
 u

n
k

n
o

w
n

. T
h

t^ p
h

y
sicist,

lo
o

k
in

g
 at th

e o
rig

in
al. S

c iro
d

in
g

er eq
u

atio
n

, learn
s to

 sen
se in

 it th
e p

res-
en

ce o
f m

an
y
 in

v
isib

le term
s, in

teg
ral, in

teg
ro

d
iifereo

tial, p
erh

ap
s ev

en
m

o
re co

m
p

licated
 ty

p
es o

f o
p

erato
rs, in

 ad
d

itio
n

 to
 th

e d
ifferen

tial term
s

v
isib

le, an
d

 th
is sen

se in
sp

ires an
 en

tirely
 ap

p
ro

p
riate d

isreg
ard

 fo
r th

e p
u

re-
ly

 tech
n

ical featu
res o

f th
e eq

u
atio

n
 w

h
ich

 h
e sees. T

h
is v

ery
 h

ealth
y

 self-
sk

ep
ticism

 is fo
reig

n
 to

 th
e m

ath
em

atical ap
p
ro

ach
.

M
athem

atics m
ust deal w

ith w
ell-defined situations. T

hus, in its
r elat ions

356
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h

e P
ern

icio
u

s
In

flu
en

ce of ';d
ath

em
atics
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w
ith

scien
ce

m
a

th
e
m

a
tic

s
depends

on an
in

iel
ec

tu
a

l
e
ifo

It
o
u

tsid
eof

m
a
th

e
-

n
,atics

fo
r

th
e

c r
u

c
!a

l
spe

cification
o
f th

e
approx

im
a
tio

n
-w

.v"ichm
at

h
e
m

atics
to

tak
e literally.

G
iv

e
a

m
ath

em
atician

a.situ
ation

w
h

ich
is th

e leas
t

b
it

ill-d
efin

ed
 --

h
e

w
i
l
l

tirst
o
f a

ll m
a
k

e
 it w

e
ll

defined.
P

e-.-laps appropriately,
h

u
t p

erh
ap

s also
in

a
- u-T

op
riately. T

h
e h

yd
rogen

 atom
 illu

strates th
is p

rocess
i?iC

ely.
T

h
e p

h
y

sicist a
sh

:-,s: ' ';T
h

a
t

are th
e eigen

fu
n

c
tio

n
s

o
f su

c
h

-a
n

d
-su

ch
 a

iff re i tial op
erator? '

.I
h

e m
a
th

em
a
ticia

n
 rep

lies: 'T
h

e q
u

estio
n

 a
s p

u
t is n

o
t

w
ic^h you w

ish, to oper-
?f:.

t (-,fIned. F
ir

s
t y

o
t:

lu
st sp

eci fy
the linear space in

a7O
. then

th
e p

recise d
om

ain
 of th

e op
erator as a su

b
sp

ace. C
arryin

g, all th
is

ou
t In

 th
e sim

p
lest ,A

v-,y, w
e fin

d
 th

e follow
in

g resu
lt ...'

'W
h

ereu
p

on
 th

e

	

p
lr sicist m

ay an
sw

er, m
u

ch
 to th

e m
ath

em
atician

's ch
a.`rin

: `In
cid

en
tally, I

a.n
i n

ot so m
u

ch
 in

terested
 in

 th
e op

erator you
 h

ave ju
st an

alyzed
 a in

 th
e

	

f:-,lio-.ting
operator,

w
h

ich
 h

as
fou

r or five ad
d

ition
al. sm

all term
s -- h

ow
d

ifferen
t is th

e an
alysis of th

is m
od

ified
 p

rob
lem

?' in
 th

e case ju
st cited

,
on

e m
ay p

erh
ap

s con
sid

er th
at n

oth
in

g m
u

ch
 is lost, n

oth
in

g at an
y rate

b
u

t th
e vigor an

d
 w

id
e sw

eep
 of th

e p
h

ysicist's less form
al attack

. B
u

t, in
cases, th

e m
ath

em
atician

's h
ab

it of m
ak

in
g d

efin
ite h

is literal. -m
in

d
-

ednes, m
ay have m

ore unfortunate consequences. T
he I. lathem

a.tic_i
an

 tu
rn

s

	

th
e s

cie n
tist's th

eoretical assu
m

p
tion

s, i.e., con
ven

ien
t

points
of an

alytical
em

p
h

asis, in
to axiom

s, an
d

 th
en

 tak
es th

ese axiom
s literally. T

h
is b

rin
gs

w
ith

 it th
e d

an
ger th

at h
e m

ay also p
ersu

ad
e th

e scien
tist to tak

e th
ese

axiom
s literally.

T
h

e g
i <

estic;n
, cen

tral to th
e scien

tific in
s: estigation

 b
u

t in
-

ten
sely d

istu
rb

in
g in

 th
e m

ath
em

atical con
text - w

h
at h

ap
p

en
s i.•o all th

is
if th

e axiom
s are relaxed

? - is th
ereb

y p
u

t in
to sh

ad
ow

.
I
n

 t h
is

w
a

y
,

in
a

th
em

atics h
as often

s
u

c
c
e
e
d

e
d

 in
P r

o
v
in

g
,

fo
r

in
s
ta

n
c
e
,

th
a
t th

e
fu

n
d

am
en

tal ob
jects of th

e scien
tist's calcu

lation
s d

o n
ot exist. T

h
e

sorry h
istory of th

e 6
- fu

n
ction

 sh
ou

ld
 teach

 u
s

th
e

p
itfalls of rigor, U

sed
rep

eated
ly b

y H
eavisid

e in
 th

e last cen
tu

ry, u
sed

 con
stan

tly an
d

 L
ystem

at-
icaliy

b
y

p
h

ysic
ists

sin
ce th

e 1920's,
th

is
 fu

n
c
tio

n
 r

e
m

a
in

e
d

 fo
r
 :n

a
t
!
l

i
ia

tician
s a :M

on
strosity an

d
 are am

u
sin

g exam
p

le of th
e p

h
ysicists' r;aivcie -

i.nn;:
w

a
s

r
e
a

liz
e
d

.
th

a
t

th
e

6-fu
n

ction
 w

as n
ot literally a fu

n
ction

 b
u

t a.
gen

eralized
 fu

n
ction

. It is n
ot h

ard
 to su

rm
ise th

at t: h
isllistory w

d
i h

e rep
eat-

ed
 for m

an
y of th

e n
otion

s of m
ath

em
atical p

h
ysics w

h
ich

 are cu
rren

tly
regard

ed
 as m

ath
em

atically q
u

estion
ab

le. T
h

e p
h

ysicist righ
tly d

read
s p

re-
cise argu

m
en

t, sin
ce an

 argu
m

en
t w

h
ich

 is on
ly con

vin
cin

g if p
recise loses

	

all its force if th
e assu

m
p

tion
s u

p
on

 w
h

ich
 it is b

ased
 are sligh

ti.v ch
an

ged
,

w
h

ile an
 argu

m
en

t
w

hich
is con

vin
cin

g th
ou

gh
 im

p
recise m

ay w
ell b

e stab
le

u
n

d
er sm

all p
ertu

rb
ation

s of its u
n

d
erlyin

g axiom
s.

T
h

e literal-m
in

d
ed

n
ess of m

ath
em

atics th
u

s
m

akes
it essen

tial, if m
ath

e-
m

atics is to b
e ap

p
rop

riately u
sed

 in
 scien

ce, th
at th

e assu
m

p
tion

s u
p

on
..which.

m
ath

em
atics is to elab

orate b
e correctly ch

osen
 from

 a larger p
oin

t of
V

iew
, in

visib
le to m

ath
em

a tics itself. T
h

e sin
gle-m

in
d

ed
n

ess of m
ath

em
atics

rein
forces th

is con
clu

sion
.

M
ath

em
atics is ab

le to d
eal su

ccessf
,iliv

only
	w

ith
 th

e
 s

im
p

le
s
t o

f s
itu

a
tio

n
s
, m

o
r
e
 p

r
e
c
is

e
ly

, I
ttith

 a
 c

o
m

p
le

x
 s

itu
a
tio

n
on

ly to th
e exten

t th
at rare good

 fortu
n

e m
ak

es th
is com

p
lex situ

ation
 h

in
ge



.
5
8

P
H

Y
S

IC
A

L
 S

C
IE

N
C

E
S

upon a few
 dom

inant sim
ple F

actors. B
eyond the w

ell- traversed path, m
athe-

j angle of unnam
ed special functions and i npen-

m
atics lo

ses its

	

in P.
etrab

le co
m

b
in

ato
rial p

articu
larities. T

h
u

s, t -e m
ath

em
atical tech

n
iq

u
e can

only reach far if it starts from
 a point close to the sim

ple essentials of a prob-
lem

 w
h

ich
 h

as sim
p

le essen
tials. T

h
at fo

rm
 o

f w
isd

o
m

 w
h

ich
 is th

e o
p

p
o

site
i f sin

g
le-m

in
d

ed
n

ess, th
e ab

ility
 to

 k
eep

 m
an

y
 th

read
s rn

 h
an

d
, to

 d
raw

 fo
r

an
 arg

u
m

en
t fro

m
 in

a.n
y

 d
isp

arate so
u

rc(--s, is q
u

ite fo
reig

n
 to

 m
ath

em
atics.

T
h

is in
ab

ility
 acco

u
n

ts fo
r !-m

u
ch

 o
f th

e. d
ifficu

lty
 w

h
ich

 m
ath

em
atics ex

-
p

eriei.ces in
 attem

p
tii)g

 to
 p

cr etrate th
e so

cial scien
ces.

W
e m

ay
 p

erh
ap

s
attem

p
t a m

ath
em

atical eco
n
o
m

ics - sf h
o
w

 d
ifficu

lt w
o

u
ld

 b
e a m

ath
e-

m
atical h

isto
ry

! M
ath

em
atics ad

ju
sts o

'ly
 w

ith
 relu

ctan
ce to

 th
e ex

tern
al,

an
d

 v
itally

 n
ecessary

, ap
p

ro
x

im
atin

g
 o

f th
e scien

tists, an
d

 sh
u

d
d

ers each
tim

e a. b
atc1

L
 o

f sm
all term

s is cav
alierly

 erased
. O

n
ly

 w
ith

 d
ifficu

lty
 d

o
es

it fin
d
 its w

ay
 to

 th
e scien

tist's read
y
 g

rasp
 o

f th
e relativ

e im
p

o
rtan

;;e o
f

m
an

y
 facto

rs. Q
u

ite ty
p

ically
, scien

ce leap
s ah

ead
 an

d
 m

ath
em

atics p
lo

d
s

b
eh

in
d

.
R

elated
 to

 th
is d

eficien
cy

 o
f m

ath
em

atics, an
d

 p
erh

ap
s m

o
re p

ro
d

n
.ct;v

e
o
f ru

efu
l co

n
sean

en
ce, is th

e sim
p
le-m

in
d

ed
n
ess o

f m
ath

em
atics

-
 its

w
illin

g
n

ess, lik
e th

at o
f a co

m
p

u
tin

g
 m

ach
in

e, to
 elab

' g
ate u

p
o

n
 an

y
 id

ea,
h

o
w

ev
er ab

su
rd

.; to
 d

ress scien
tific b

rillian
cies an

d
 scien

tific ab
su

rd
ities-s

alik
e iii th

e im
p

ressiv
e u

n
ifo

rm
 o

f fo
rm

u
lae an

d
 th

eo
rem

s. U
n

fo
rtu

n
ately

h
o

w
ev

er, an
 ab

su
rd

ity
 is u

n
ifo

rm
 is far m

o
re p

ersu
asiv

e th
an

 an
 ab

su
rd

ity
u

n
clad

, T
h

e v
ery

 fact th
at a th

eo
ry

 ap
p

ears in
 m

ath
em

atical fo
rm

, th
at., fo

r
in

stan
ce, a th

eo
ry

 h
as p

ro
v

id
ed

 th
e o

ccasio
n

 fo
r th

e ap
p

licatio
n

 o
f a fix

ed
-

p
o

in
t th

eo
rem

, o
r o

f a resu
lt ab

o
u

t d
ifferen

ce eq
u

atio
n

s, so
m

eh
o

w
 m

ak
es- u

s
m

o
re read

y
 to

 tak
e it serio

u
s,,,. A

n
d

 th
e m

ath
em

atical-in
tellectu

al effo
rt o

f
ap

p
ly

in
g

 th
e th

eo
rem

 fix
es in

 u
s th

e p
articu

lar p
o

in
t o

f v
iew

 o
f th

e lh
i !o

ry
w

ith
 w

h
ich

 w
e d

eal, m
ak

in
g

 as b
lin

d
 to

 w
h

atev
er ap

p
ears n

eith
er as a d

e-
p

en
d

en
t n

o
r as an

 in
d

ep
en

d
en

t p
aram

eter in
 its m

ath
em

atical fo
rm

u
latio

n
.

T
h

e resu
lt, p

erh
ap

s m
o

st co
m

m
o

n
 in

 th
e so

cial scien
ces, is b

ad
 th

eo
ry

 -.w
ith

a m
ath

em
atical p

assp
o

rt. T
h

e p
resen

t p
o

in
t is b

est estab
lish

ed
 b

y
 referen

ce to
a few

 h
o

rrib
le ex

am
p

les. In
 so

 larg
e an

d
 p

u
b

lic a g
ath

erin
g

, h
o

w
ev

er, p
ru

-
dence dictates the avoidance of any possible

fa
u
x
 p

a
s.

I confine m
yself, there-

fo
re, to

 th
e citatio

n
 o

f a d
el ig

b
d

elig
h

tfu
l p

assag
e fro

m
 K

ey
n

es'
G

e
n

e
ra

l T
h

e
o

rl;•,
in

w
h

ich
 th

e issu
es b

efo
re u

s are d
iscu

ssed
 w

ith
 a ch

aracteristic w
isd

o
m

 an
d

w
it:"It is th

e g
reat fau

lt o
f sy

m
b

o
lic p

seu
d

o
m

.ath
em

atical m
eth

o
d

s o
f fo

r-
m

aliz
in

g
 a

 sy
ste

m
 o

f eco
n
o
m

ic an
aly

sis ... th
at th

ey
 ex

p
ressly

 assu
m

e
strict in

d
ep

en
d

en
ce b

etw
een

 th
e facto

rs in
v

o
lv

ed
 an

d
 lo

se all th
eir co

g
en

cy
an

d
 au

th
o
rity

 ii th
is h

y
p
o
th

esis is d
isallo

w
ed

; w
h
ereas, in

 o
rd

in
ary

 d
is-

co
u

rse, w
h

ere w
e are n

o
t b

lin
d

ly
 m

an
ip

u
latin

g
 b

u
t k

n
o

w
 all. th

e tim
e w

h
at

w
e are doing and w

hat the w
ords m

ean, ' ve can keep `at the back of our beads'

	

:.B
ail

th
e n

ecessary
 reserv

es an
d

 q
u

alificatio
n

s an
d

 ad
ju

stm
en

ts w
h

ich
 w

e
h

av
e to

 m
ak

e later o
n

, in
 a w

ay
 in

 w
h

ich
 w

e can
n

o
t k

e_
:p

 co
m

p
licated

 p
ar-

tial d
ifferen

tials `at th
e b

ack
' o

f sev
eral p

ag
es o

f alg
eb

ra w
h

ich
 assu

m
e th

ey



S
C

H
W

A
R

T
Z

:
T

h
e P

ern
iciou

s In
flu

en
ce

of
M

ath
em

atics
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all v
an

ish
. T

o
o

 larg
e a p

ro
p

o
rtio

n
 o

f recen
t `m

ath
em

atical' eco
n

o
m

ics are
m

ere co
n

co
ctio

n
s, as im

p
recise as th

e in
itial assu

m
p

tio
n

s th
ey

 rest o
n

, w
h

ich
allo

w
 th

e au
th

o
r to

 lo
se sig

h
t o

f th
e co

m
p

lex
ities an

d
 in

terd
ep

en
d

en
cies o

f
th

e real w
o

rld
 in

 a m
are o

f p
reten

tio
u

s a_
n

d
 u

n
h

elp
fu

l sy
m

b
o

ls."

	

T
h

e in
tellectu

al attractiv
en

ess o
f a m

ath
em

atical arg
u
m

en
t, as w

ell as
th

e co
n

sid
erab

le m
en

tal. lab
o

r in
v

o
lv

ed
 in

 fo
llo

w
in

g
 it, m

ak
es m

ath
em

atics a,
pow

erful.tool of intellectual presti 1git<
tion - a glittering decep; ion in w

r^r .ica
so

m
e are en

trap
p

ed
, an

d
 ,o

m
e, alas, ei:t.rap

p
ers. T

h
u

s, fo
r in

stan
ce, th

e cle-
licious ingencdty of the B

irkhoff er;,odic theorem
 has created the general ini-

p
ressio

n
 th

at it m
u
st p

lay
 a cen

'ral ro
le in

 th
e fo

u
n
d
atio

n
s o

:' statistical
m

ech
an

ics.' L
et u

s ex
am

in
e th

is c_
_

e carefu
lly

, an
d

 see. M
ech

an
ics tells. u

s
that the configuration of an isolated system

 is specified by choice of a poi?!:.`.
p

 in
 its p

h
ase su

rface, an
d

 th
at after t seco

n
d

s a sy
stem

 in
itially

 in
 th

e co
n

-
fig

u
ratio

n
 rep

resen
ted

 b
y

 P
. m

o
v

es in
to

 th
e co

n
fig

u
ratio

n
 rep

resen
ted

 b
y

M
a
p
.

T
h

e B
irk

h
o

ff th
eo

rem
 tells u

s th
at if

f
is an

y
 n

u
m

erical fu
iicd

o
n

 o
f th

e
configuration 75 (and

if
th

e m
ech

an
ical sy

stem
 is m

etrically
 tran

sitiv
e), th

e
tim

e av
erag

e

T
 o

f( ,P
)d

t

ten
d

s (as T
 -*

 co
) to

 a certain
 co

n
stan

t; at an
y

 rate fo
r all in

itial c')n
fig

ara-
tion s

ih
n

o
t ly

in
g

 in
 a set e in

 th
e p

h
ase su

rface w
h

o
se m

easu
re Z

(e) is zero
;

u
 h

ere is th
e (n

atu
ral) L

 eb
e u

e m
easu

re in
 th

e p
h

ase su
rface. T

h
u

s, th
e. fa

m
iliar arg

u
m

en
t co

n
tin

u
es, w

e sh
o

u
ld

 n
o

t ex
p

ect to
 o

b
serv

e a co
.ifig

u
rah

o
n

in
 w

h
ich

 th
e lo

n
g

-tim
e av

erag
e o

f su
ch

 a fu
n

ctio
n

 / is n
o

t clo
se to

 its eq
u

ilib
-

riu
m

 v
alu

e. H
ere I m

ay
 co

n
v

en
ien

tly
 u

se a b
it o

f m
ath

em
atical p

restid
ig

i-
tatio

n
 o

f th
e v

ery
 so

rt to
 w

h
ich

 I o
b

ject, th
u

s p
arad

o
x

ically
 m

ak
in

g
 an

 ar-
g
u
m

en
t serv

e th
e p

u
r.,o

se o
f its o

w
n
 d

en
u
n
ciatio

n
. L

et v
(e) d

en
o
te th

e
p

ro
b

ab
ility

 o
f o

b
serv

in
g

 a co
n

fig
u

ratio
n

 in
 th

e set e; th
e ap

p
licatio

n
 o

f th
e

B
irk

h
o

ff th
eo

rem
 ju

st m
ad

e is th
en

 ju
stified

 o
n

ly
 if ;s(e) =

 0
 im

p
lies th

at
r(e)

=
 0

.
If th

is is th
e case, k

n
o
w

n
 resu

lt o
f m

easu
re th

eo
ry

 tells u
s T

h
at

v(e) is extrem
ely sm

all ,.vtlerever
,ta(e)

is ex
trem

ely
 sm

all. N
o

w
 th

e fu
n

ctio
n

s
t

o
f p

rin
cip

al in
terest in

 statistical m
ech

an
ics are th

o
se w

h
ich

, lik
e th

e
lo

cal p
ressu

re an
d

 d
en

sity
 o

f a g
as, co

m
e in

to
 eq

u
ilib

riu
m

, i.e., th
o

se fu
n

c-
tio

n
s fo

r w
h

ich
 f (llt7

5
) is co

n
stan

t fo
r lo

n
g

 p
erio

d
s o

f tim
e an

d
 fo

r alm
o

st
all in

itial co
n

fig
u

ratio
n

s P
. A

s is ev
id

en
t b

y
 d

irect co
m

p
u

tatio
n

 in
 sim

p
le

cases, an
d

 as th
e B

irk
h

o
ff th

eo
rem

 itself tells u
s in

 th
ese cases in

 v
,-h

ich
 it

is ap
p

licab
le, th

is m
ean

s th
at f (p

) is clo
se to

 its eq
u

ilib
riu

m
 v

alu
e ex

cep
t fo

r
a set e o

f co
n

fig
u

ratio
n

s o
f v

ery
 sm

all m
easu

re u
. T

h
u

s, n
o

t th
e B

irk
h

o
ff

th
eo

rem
 b

at th
e sim

p
le an

d
 g

en
erally

 u
n
stated

 h
y

p
o
th

esis `u
(e)

=
 0

 im
-

p
lies v

(e) =
 0

' n
ecessary

 to
 m

ak
e th

e B
irk

h
o

ff. th
eo

rem
 relev

an
t in

 an
y

 sen
se

at all tells u
s w

h
y

 w
e are ap

t to
 fin

d
/(7V

)
h

av
in

g
 its eq

u
ilib

riu
r?i v

alu
e. T

h
e

'T
h
is d

ictu
m

 is p
ro

m
u
lg

ated
, w

ith
 a ch

aracteristically
 straig

h
t face, in

 D
u
n
fo

rd
-

S
chw

artz,
L

in
e
a
r O

p
e
ra

to
rs,

V
o
l. I, C

h
ap

. 7
.
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B
irk

h
o
ff th

eo
rem

 in
 fact d

o
es u

s th
e serv

ice o
f estab

lish
in

g
 its o

w
n
 in

ab
ility

to
 b

e m
o
re th

an
 a q

u
estio

n
ab

ly
 relev

an
t su

p
erstru

ctu
re u

p
o
n
 th

is h
y
p
o
th

esis.
T

h
e p

h
en

o
m

en
o

n
 to

 b
e o

b
serv

ed
 h

ere is th
at o

f an
 in

v
o

lv
ed

 m
ath

em
atical

arg
u
m

en
t h

id
in

g
 th

e fact th
at w

e u
n
d
erstan

d
 o

n
ly

 p
o
o
rly

 w
h
at it is b

ated
 o

n
.

T
h
is sh

o
w

s, in
 so

p
h
isticated

 fo
rm

, th
e m

an
n
er in

 w
h
ich

 m
ath

em
a iris, co

n
-

,
o
u
r atten

tio
.., ;:m

ak
es u

s b
lin

d
 to

 its o
w

n
 o

m
issio

n
s - w

h
at i h

av
e

alread
y

 called
 th

e. sin
:r'e- :m

in
d
ed

n
ess o

f m
ath

em
atics. T

y
p
ically

, m
ath

e-
in

a
tic

: ,m
o
w

s b
e
tte

r w
h
a
t to

 d
o
 th

a
n
 w

h
y
 to

 d
o
 it, tiro

..;a
b
ility

 th
e
o
ry

is a lam
r_ous exam

ple. A
^ exam

ple w
hich is perhaps of far greater sig ;iiicanoe

	

is th
e q

u
an

tu
m

 th
eo

ry
.

he m
athem

atical structure of or>
erarcors in "H

ilbert
space and unitoiv tram

s:,essm
ations is clear enough, as are,, certain features of

th
e in

terp
retatio

n
 o

f th
is m

ath
em

atics to
 g

iv
e p

h
y

sical assertio
n

s, p
articu

-

	

larly
 assertio

n
s ab

o
u

t g
en

eral scatterin
g

 ex
p

erim
en

ts. B
u

t th
e larg

er q
u

estio
n

h
ere, a sy

sten
iatic elab

o
ratio

n
 o

f th
e w

o
rld

--p
ictu

re w
h
ich

 q
u
an

tu
m

 i:h
eo

ry
prove ide.;, is still unansw

ered. P
hilosophical questions of the deepest signif-

	

ican
ce m

ay
 w

ell b
e in

v
o

lv
ed

. h
ere also

, th
e m

ath
em

atical fo
rm

alism
 m

ay
 b

e
h
id

in
g
 as m

u
ch

 as it rev
eals.


